Optimization of Number of Processors in VLSI Arrays by Saouter, Yannick
Optimization of Number of Processors in VLSI Arrays
Yannick Saouter
To cite this version:
Yannick Saouter. Optimization of Number of Processors in VLSI Arrays. [Research Report]
RR-2333, INRIA. 1994. <inria-00074342>
HAL Id: inria-00074342
https://hal.inria.fr/inria-00074342
Submitted on 24 May 2006
HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.
L’archive ouverte pluridisciplinaire HAL, est
destine´e au de´poˆt et a` la diffusion de documents
scientifiques de niveau recherche, publie´s ou non,
e´manant des e´tablissements d’enseignement et de









appor t  

de  r ech er ch e 
INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE


























Unite´ de recherche INRIA Rennes
IRISA, Campus universitaire de Beaulieu, 35042 RENNES Cedex (France)
Te´le´phone : (33) 99 84 71 00 – Te´le´copie : (33) 99 84 71 71












































































































4$³35768 98 ·-6;:=<ﬂ" gNwmtNwWOQnlWOr[¢ @=ACB D FHAYI¹hK«aeBAu[]IvBgBVagŁHAbk

tQAbKr+nRudD IOcHA!W9IOagZ¬BMlFHApNwmtNwWOQnG\
a sIOKiZMwK-[ﬂUla s_BqtQA)AH­ª-IvBmagMwKl£2¯#lµu¯La?S!TN[agACW^ £¬IOKNZul^$#;MOc!^#;IwKNZ))^ £9k
#$# %'&)(+*/,.-/&+02143_/6547-(
u;nc\KY[Z]aa`QEWO\`Z]JMn°Q°m®QOln[Q\`Y[QklNea`ZW&n[Jw\`Z]JMn[a±Jel\`Y7Q"\`Y[QhJMI`rJelblJwd]r{Y7Q^mGIXNTNnlmTd]Z]n[Q^NeIb[IKJMLMIONP$P.Z n7Ll¡
ªpY[QI`QENMmGQI$Z]aI`QO«QhI`I`QEm¦\`J¹]R hp JMIP.JwI`QmGQ\XNeZ]diaNnBmﬂ JMI\`Y[Q¥m®QP.Jwn[a`\KIXN\KZ]JMn[aJ\`Y[QI`Qha`_[d]\`a
b[IKQa`QnG\KQ^mY7QI`QM¡




)>< ?A@ BDC FEG

































tﬀazW [eIfBqBmaqŁRA aeW ŁHIO[p[]AHZ)BqtQA2dN\`\KZWOQJ8\KY[QTgNMWQa9k



















K-a?K Bgt-A!WS¬Iw[?[]ACWHBI2:KNAEWVTQI3ŁRAuŁRMwKBIOa?K-apK[K<Jk6MdMOcRAHMwjvAbc < oap[?[NFHAEWbIwagZuBMlFRA «_7did`mGZ]P.Qn7a`Z]JMn[nBNd
a s
aeBqWYZOa?SlAKQWCaqMOKXaeWYAH­bªQIw[0BM)BqtQAZwa?SlAKWagMwK Ms_Dlk










Z&a?kgAbkAaeBqtQAbc OC  E QrMOc OC FEQ)aeWYIcRMOoMs
Bgt-A
WUfWHBAS BDC FEG otﬀagŁCtZ3A?hKNAHWL<F\wk
Un[Jw\`Y[QhI_[aKQO«_[dn[JM\KZiJwn.Z]ap\`Y7Q§WJMnlWOQhb[\J8IONErGa^¡



























 &³G·l³  :=<?> «\`Y7QJMIKQP Je mGQEWOJMP$blJwa`Z]\`Z]JMnB¢¹@=ACB=<FHAI)KNMwKPRAbS_T«BmU
T-MO[UftQAHZOcHIO[2ZMwS¬Iwa?KJotQMvW9A
jOAcHBVagŁHACWuIwcRAw²vn C C C]n
T
























































<$ﬃﬂ=²vn C C C]nﬂ






n C C Cen"ﬂ

¢ ?A@ BDC $#/C%ﬀ E$G
ot-AcHA B¨aeWYIF;>IJ SlIfBVcaef&# aeWYIﬁ6I>JSlIfBVcae¬IwKNZG aeWYIOK;+PjOAHŁHBMOcbk
"ﬂQYBNEMQ\`Y[Qhn¥Ncb7I`JMbBQIK\;r3\KYlN\ppZ]d]dBklQc_7a`Q^mZ]n$\`Y[QcQhnlm$J8\KY[Z]aNIK\`ZWOd]QM¯
°·








#$( )>7 &)-/ 7Q*Q,&/21 &* -V7N& +/+.i*Q, &)(
"ﬂQpZ]d]d±n[QQEm\`Y[QT«Jwd]diJpZ]n[L\`Q^WKY[n[ZWNedd]QP$P3NpZ]nJMIOmGQIp\KJ.WOJMP$b[_[\`Qb[IKJ^tOQ^W\`Q^mbBJMZ]nG\`aE¯































NIKQklJw\`YrMQ\pJe°WOJMaK\ - ;±¢h¡-"¹Y[QhnlWOQc\KY[QI`QaK_[d]\^¡ ¶
"ﬂQYlNEMQNd]a`J\KY[QT«JMd]d]JpZ]n[Lb[I`JwblJwa`Z]\`Z]JMn¯
°·
"·±8 98 ·i6 :=< ?sV<aeWYIuTQMw[ﬂUft-ARZwcRMwK MsYIOKI2:KNAuWVT-IŁHA
D)IwKNZ ﬀ aeWYIuTNcRM 29AHŁHBVagMwKscRMwS D
BMlaeBqW9A[ sH2BqtQAbK ﬀ  <¢azW I
T-MO[UftQAHZOcHMOKZMwS¬Iwa?K-k
°·±·«±Vu;\pZ]aNLMQn[QhIXNdb[I`JwblQhI`\;rJ&diZ]n[QENI «_[nlWO\KZ]JMn[aE¡ ¶
#$ !, 0 5!, (	4- *N3_/ﬀ0(+**-,.0/ﬀ&* *( .0/+1
u;ngNMWO\EjpY[Qn.WJMP.b7_[\`Z]n[LT\`Y[QpYGrGblQhI`MJwd]_[P.Q"Je?NWOJwnGMQOq.mGJMPNZ]njOQppZ]didGn[QhQ^m\`Y[QpQhn{\KZ]I`QdNe\`\`ZWOQ













a sIOKiZMwK-[ﬂUlazBaeWYŁHMOKBIOa?KiARZa?K KNMrMvBgt-AcYMsZOa?SlAKQWCaqMOK ﬂ2k
°·±·«±VªpY[Z]ap\`Y[QhJMI`QhPZiaWdiQENINE \`QIp\KY[QcNd]LMQk7IXNZWmGQOBn[Z]\`Z]JMn$J°NcdNe\`\`ZWOQw¡ ¶





4$³35768 98 ·-6;:=<?>NY «a`Z]P$b[d]Z­WZ­Ned[bBJMd]rGY[Q^mGIKJMnl¢u@2AHBD FHAlIOKI2:KNA WVTQI3ŁRAlMs¬Zwa?SlAKWagMwK ;k

tQAbKdI




















#$   14-/ 7 *ﬃ&)0¸/
u;n\`Y[Z]aTa`Q^WO\KZ]JMnQZinG\KI`J[mG_lWOQ\`Y[Q'WJMnlWOQhb[\J"YGr{bBQIKMJMd]_[P$Q\KYlN\pQcpZ]d]d±_[a`Q JMIpJM_7Ipn[Q\`QEW`Y®
n[Zﬀw_[QJ&JMb[\KZiP$Z]½^N\KZiJwn¡





© <¢ w£²	O£R³	CﬂC C
w£  ;zM¢































¢  © <
²











°·±·«±VªpY[Z]apZ]aWOd]Q^NIppZ]\`Y\KY[Q_[a`QcJe8\KY[QD7_[k[Z]n[Z±\`Y7QJMIKQP  a`QQ$iRfGj[b¡[z3  ¢h¡ ¶
±Z]MQhpZiaKQ\`Y[QcYGrGbBQI`wJMd]_[P.QpJe"\`Y[Qa`Z]P$b[d]Z­WZ­Ned[YlNeaNcaKZiP$b[d]QQOq[b[IKQa`aKZ]JMn¯






































w£ ² w£ ³ C CﬂC&w£
T


































n C C C]nQ

aeW




















































C G n[QQ^m®a ;$P_[d]\`Z]b[d]Z]WN\KZiJwn[a




C ;±¢2«JwI\`Y[QpY[Jwd]QDJ I'J gPN\`IKZq G

C G¡±ªpY[Q.WJMP.b7_[\XNe\`Z]JMnJ
\`Y7Q§m®Q\`QIKP.Z]nlNen{\J8NJ IJ;P3Ne\`IKZ qZ]am®JMn[QkGr.NcLGN_[aKa`ZNn$Qd]Z]P.Z]nlN\KZ]JMn.]R GjGb¡G)E±pY[Jwa`QcWOJMaK\
R   IOK-K«agŁI3MOª3BAbc





















#$ 	 3_// V0/ 7«,(H( * 4(!.i*Q, &)(

"ﬂQZ]nG\`I`J[mG_BWOQ.Y[QhI`Q\`Y[Q$Q_[d]QIKZ­Nen©«_[nlW\`Z]JMn>\`YlNe\cbBQI`P$Zi\Kac\`J YlNEMQNn¤Nb7b[I`JEq[Z]P3Ne\`Z]JMnJ\KY[Q


























































[JwI.IKQ^NaKJMn[aJecI`QLw_[dNI`Z]\;r¨«_[nBWO\`Z]JMn7a " Nenlm ﬀ NeI`Q©a`_[b7blJwa`Q^m>\`J¦kBQ¥d]Z]n[Q^NeI^¡"ªpY7QlIKa`\J













































·  ﬂ³6e ªpY[Qb[IKZinBWOZ]b[d]Q'Je\KY[Z]acY[Q_[IKZ]a`\`ZWZ]a\`JJwk[\XNeZ]n\`Y[QPNEq[Z]P_[PnG_[PkBQIJeJ[WW_[d





























































$# 	 3_/(H0)&)7«,V*N3 
±Qh\_[amGQhn[JM\KQ9w²vn4f³n C CﬂCen4
T





&-8  n  
































C  JMP.b7_[\`QT\`Y[Qcb7I`J^tOQEWO\`Z]JMnJe8\`Y7QcklNaKZ]a9w²vn49³wn C C CenH
T
¢hj



















 &³G·l³  ﬁ=<?>@=ACB FHAXIOK\tﬀUHT-AcTN[]IwKNAXMsIOKI :KiAlWVT-IŁHAlD¦MVsZwa?SlAKWagMwK ;k@2AHB < FHAJI






 &³G·l³  ﬁ=<]:´@=ACB #¸FHA
IFHMOªKNZ3ARZlŁHMwK-jvACYZMwS¬Iwa?KMs_IOKI :KNA¹WVT-IŁHA¹D¸MVs_ZOapS¬AbKWagMOK;kNªfT-P
T-MfW9A¹BqtQIvB # aeWNsª[?[ PRZOa?SlAbKWagMOK-KiIO[-IOKNZ®Bgt-IfB AHIŁCt¬MVs¹aeBqWNs9I3ŁRACB2aeWZ3AHŁRMwS_T-MfW9AHZ!a?KBM!Wa?S!TN[ﬂaqŁagIw[ WMVsZOazP
SlAKWagMwK/;  R3k






CP#   3n<¢_¥< "VO
 Jﬁﬂ   S O  ﬂAO ﬂPO[S=C£©ﬀk
°·±·«±VªpY[Q\`Y[QJwI`QP [¡]RcQhn[a`_[IKQac\KYlN\cNnGrmGJwP3NZ]n$J°\KY[Qc JMI`P S;

C #    3n<¢Z]aZ]nlmGQQEm¥N
a`Z]P$b[d]Z­WZ­Ned;¡GªpY[Q3mGZ]a]tOJMZ]nG\`n[Qha`acJe\KY[Qa`QmGJMPNZ]n[aWOJMP$QackGrZ]nlmG_lW\`Z]JMnﬂaKZinBWOQ.\KY[QgNMWQ\`aNIKQ.Nd]a`J
mGZ]aitJMZ]nG\`Z]MQd]rmGQ^WJMP.bBJMaKQ^m©Nnlm©aKZinBWOQ\`Y[Q;NMWOQ\KacJN$blJwd]r{Y7Q^mGI`Jwn¤NIKQ.Nd]NErGamGZ]aitOJwZinG\E¡lUp\d­Nea`\
ZQa`_7b[blJwa`Q\KYlN\cQYlNEwQ NbBJMZ]nG\ﬁ0 J #pY[ZWKY¤mGJGQacn7JM\ckBQd]JMn[L\KJ¬NenGr¥aKQ\cJp\`Y7Q«JMIKP
S;




















ªpY[Z]aNd]LMJwI`Z]\`Y[P blJwa`Qa\KY[Q©b[I`Jwk[d]QP J'\KY[Q©Qd]Q^WO\`Z]Jwn JeNen Z]nG\`QhI`Z]JMI$blJwZinG\E¡ _[\Y[QI`Qﬂ\KY[Q
mGJwP3NZ]n[aNI`QLwZiwQnkGr\`Y[QZ]ITMQIK\`ZWOQaE¡[ªpY[Qn °QYlNEwQM¯
, ³) ﬂ ﬁ0<?> @2ACB # FHALI;FHMOªKNZ3AHZrsbªﬀ[p[ PRZOapS¬AbKWagMOK«KNIO[
ŁRMwK-jOAHZ3MOSlIOa?K MVsdIwK¤I :KNAJWVT-IŁHAMVs
ZOapS¬AbKWagMOKD)ot-MfW9AjOAbcHBmaqŁRACW IwcRA ¡  ² n ³ n C C Cen  3©oazBgt ﬂ$;k











' ³  	9n  
;
n CﬂC Cen  


















$( /+. & -/&1ﬀ,*-, &)( &*( -47N& +ﬀ/+.i*-/ 5 54& ¸(, (
u;n gNMWO\\KY[Q'pY7JMd]Q'mGQ^WJMP.bBJMaKZ]\`Z]JMnZ]aTn[JM\\`JkBQ'PNMmGQN\QENMWKYﬂa`\KQb¯±\KY[Q m®Q^WOJMP$blJwa`Z]\`Z]JwnJ°\KY[Q
Z]n[Z]\`ZNd[mGJwP3NeZin< Z]nlmG_lWOQhaNcm®Q^WOJMP$blJwa`Z]\`Z]Jwn'JeŁ\KY[Qb[IKJ^tOQ^W\`Q^mmGJwP3NZ]nﬀ  <¢¡wu;nlmGQhQ^m.Nea"°QTYlNEMQ
Nd]IKQ^NMmGr a`QQnj\KY[Qb[I`JEtOQ^WO\KZiJwnﬂJN$aKZiP$b[d]ZWOZNd±Z]aca`\KZ]did"N$a`Z]P$b[d]Z­WZ­Ned;¡'&MQIKrbBJMZ]nG\sJe\KY[Q.mGJwP3NZ]n
<kBQd]JMn7LMa\KJ3Nen3_7n[ZﬀM_7Q'aKZiP$b[d]ZWOZNd ¦Je°\`Y7Q'mGQ^WOJwP.bBJMaKZi\KZ]JMn¡B}GJQMQhI`rbBJMZ]nG\Je \KY[Qb[I`J^tQ^WO\`QEm









Wa?S!TN[agŁbagIO[ MVsdZwa?S¬AbKWagMwK ; oa?[?[FRAWbIwagZLBMFHAdI WªfTT-MOcCBma?K 







 &³G·l³  ﬁ=<»@=ACB < FHA®Isª[?[ PRZOa?SlAKQWCaqMOK-KNIw[OT-MO[ﬂUft-AHZOcRIw[Z3MOSlIOa?KJMVs
ZOa?SlAKQWCaqMOKD;+2[eAHB U  FHABgt-A







MVs ﬀ <¢uaeW4Oa?jOAKFU)BqtQA W9AHB¡ ﬀ3   U   ¢_¥     U   nKO   C /#©k
°·±·«±ﬀ±Q\
$klQ'NbBJMZ]nG\pJ ﬀ2<¢¡7ªpY[Qn\KY[Qcd]Z]n[Qm-n /#B¢YlNaNn[JMnnG_[d]dZ]nG\`QIKa`Q^W\`Z]JMnpZ]\KY <¡
ªpY[Z]aZinG\KQI`aKQ^WO\`Z]Jwn3Z]a"n7Q^WOQaKaXNIKZ]dir$klJw_[nlmGQEm.aKZ]nlWOQ/< Z]a°kBJM_7nlmGQ^m$Nnlm a`JZiaNcaKQLMP$QnG\°Je\`Y[Q2«JMIKP
 Jx OinQK8QhMQnG\`_BNd]d]rI`Q^m®_lWOQ^m \`JNaKZin7LMd]Q'bBJMZ]nG\^¡BªpY[QZ]nG\`QhI`a`QEWO\`Z]JMnﬂJe°\;J.;NMWOQ\KacJMIP$JMI`QZiacN
n[QLwd]ZiLwZ]k[d]Q°aKQ\°IKQa`bBQ^WO\KZ]MQd]r.\KJ'NTgNwWOQ\T«Z]\`aP.QENa`_7I`QP$QnG\8Z]a"nG_[d]d¢¡w}GJcQn[QLwd]Q^WO\\`Y[QaKQcWNaKQaNnlm
a`_7b[blJwa`Q\`YlNe\kBJM\KY'ONnlmQkBQd]JMn[Lwa\KJ.QOqlNMW\`d]rJMn[Q;NMWOQ\TJﬃ<¡ [JwIp\`Y[QaXNeP.QI`QENa`JwnjB°QpZid]d
a`_7b[blJwa`Q\KYlN\LO  Q¡Bu;nlmGQQEm©Z ﬃOJ Q\`Y7Qn¥\KY[Z]ablJwZinG\TZiaTn[Q^WOQha`aXNeI`Z]d]r¥Jwn\`Y7Q'Z]nG\`QIKa`Q^W\`Z]JMnﬂJeN\
d]Q^NaK\\;°JgNwWOQ\Ka^¡±u  O  Q\KY[Qn¨ O$Q¢Mz ZiaTZ]n{\KQI`Z]JwI\`J<¡±±Q\/O ²  E Q ²  I`QaKb¡HO ³  E Q ³ ¢kBQ
\`Y7QaXNe\`_[ION\KZin7LcZ]n[Q w_lNd]Z]\;rJ O$«I`Qha`b¡NQ¢h¡"ﬂQpYBNEMQ4O 2O>Q¢Mzl  ² /#.NenlmAQ   O>Qh¢ Mzl  ³ /#









































































































' ³ 08 ´ "ﬂQcNI`QY[QI`Qa`bBQ^WOZNedid]r$ZinG\KQI`QaK\`Q^m©Z]n\`Y7Q'NEMQIONLwQ§WJMP.b7diQq®Z]\;rJe \KY[Q'NediLwJMIKZi\KY[P
J8m®Q^WOJMP$blJwa`Z]\`Z]JwncZ]n{\KJca`Z]P$b[d]Z­WZ­Ned]a±a`Z]nlWOQT°QTpZiaKY\`J'WJMP.bBNI`QJM_7I"P.Q\KY[J[mJ±JMb[\KZ]P.Z]½^N\KZ]JMncpZ]\`Y


















































sfMOcXIO[?[)J  ; IwKNZ













































































































































R^¢K¢Z;¡ Qw¡ -2;  ^¢¡7ªpY[QcnG_[PkBQIpJ&a`Z]P.b[d]ZWOZNd]a°Neb[bBQ^NIKZin7LZin\KY[Q'mGQ^WJMP.bBJMaKZ]\`Z]JMn$ZiapQq®bBQ^WO\KQ^m©\`JkBQ
-;z
T
C ; wzM¢Z;¡ QM¡ - gz
T
C ;£¢&a`Z]nlWQ\`Y7QsaK_[b[bBJMIK\`Z]n[LgNwWOQ\KapJ\`Y7Qa`Z]P$b[d]Z­WZ­Ned]aJ\KY[QJwI`Z]LMZ]nlNedlmGJwP3NZ]n
YlNEwQQ w_lNedW`YBNnlWOQha\`JYlNEwQ\`Y7QZ]Ipb[I`J[mG_lW\4O   C3/#bBJMaKZi\KZ]MQJwIpn[QLGN\`Z]wQM¡MªpY7Q§WJMa`\pJe8\KY[QcNMm[mGZ]\KZiJwn
J"Nd]d±\`Y7Qa`QcMNed]_[QapZ]a -gz T C ;£¢Nnlm$aKJn[QLMd]Z]LMZ]k[d]QpZ]n.IKQL{NeIXm\KJZ]\^¡ ¶
}GZ]nlWOQT\`Y[QcWOJwa`\pJe\`Y[QcWOJwP.b[_[\ON\KZiJwn'Je\`Y[QYGrGblQhI`MJwd]_[P.QJ&\`Y[QTb[I`J^tQ^WO\`Z]Jwn3Je\`Y[QklNea`Z]aZia n[QLMd]Z




















2J.¢ I -  ;±¢  z
T
I3z; I - ;±¢





















































































2J.¢ ¥RE¢  MzVI. DLT
 
2J.¢ 3z   DLT
 
 J.¢g   wz\`IKZib7diQha°\KJ'WOJMn7a`ZmGQIa`Jc\KY[Q\KQa`\
   
	   
R^~











































































 ; RE¢ wz

¡"pa`Z]n[Lﬂ}G\KZiIKd]Zin7L ﬁ a«JwI`P_[dN[j?°Q lnlm¨\`YlNe\'\KY[Z]a\`QIKP Z]a























































































j±NnlmZ]nLMQhn[QIXNed"kBQ\;°QhQn «n^R3nXz«n C C Cﬂn;Nnlm















kGr,N©WOQIK\XNZ]n¹ION\KZiJB¡&u c°QWOJwn[a`ZmGQI$\`Y[QWNea`QJe'NnGrﬂYGr{bBQIOWO_[kBQ¥Je§mGZ]P.Qhn[a`Z]JMn ; NenlmﬂJeca`Z]½Q
wjZ]nG\`QLwQI^jZ;¡ QM¡ G ¡MV0²fnRi³On CﬂC CenH
T
¢r¥  X¸  FX w©{j\`Y7Qn¤\KY[Q.P$Zin7ZiP.Ned±nG_[PklQhIcJbBJMZ]nG\`acZ]a
Nd]pNErGa8Jwk[\XNeZ]n[Q^m§«JMI"Nb[IKJ^tOQ^W\`Z]JMnblNeIXNedid]QdG\KJc\`Y[QWJ{JwIXmGZ]nlNe\`QN q®Z]aE¡ªpY[QWOJwI`I`Qha`bBJMnlmGZ]n[LmGZ]I`Q^WO\KZ]JMn















 S&S&S 34ﬂﬁF+;*"=#&	6K?#-+(ﬃ 32FC>-ﬃ="467*5.$ﬃ,L;ﬃ ) 6 ﬂ*4ﬂﬃP*4%
6,?ﬂﬃPCD*:+7+K#&N>-ﬃACﬂ34#&.$+G*4%
@=ﬃ$.$6,#-)!ﬃ +!S














-  ;HC% TB¢ -gz T C ; C ;  ^¢









NnBmNMm[m®Zi\KZ]JMn[aEj[NnlmN$WOJMP$blNIKZ]a`JMn «JMITQMQhI`rblNeZ]IpJ°wQI`\KZ­WQapY[ZW`Y Zia -  ;¢2pY[QI`Q0Z]a\KY[Q
nG_[PkBQIpJ"\`Y7Q'wQI`\KZ­WQaJ"\`Y[QmGJwP3NZ]n¡wu;n\KY[QcLMQhn[QIXNed"WNaKQ'Z]\`aWOJMaK\Ziapn7QLMd]Z]LMZ]k[d]QZ]n3IKQL{NeIXm \`J
\`Y7QsIKQa`\Je8\`Y7Q§Ned]LMJMIKZ]\`Y[P©¡
 		^ﬁ%    # 	cﬃ^%& 3%






 $&%  14-/ 7«. 
/+1









X w© pY7QI`Q;¤NnBm $NI`QZ]nG\`QLwQI`aE¡ªpY[Z]abBJMd]rGY[Q^mGIKJMnﬂWOJMnG\XNeZ]n[aﬁ TﬂbBJMZ]nG\`aEjl\KY[QJMb7\`Z]P3Ned







WOJwa`\Z]an[QLwd]ZiLwZ]k[d]QsZ]nIKQL{NeIXm \`J$\`Y[QI`QaK_[d]\`aJ\`Y[QmGZﬁŁQhI`QnG\P.Q\KY[J[mGa^j7a`_[P$P.Q^m$_[b Zin \`Y[Qª"Nk¡
[¡]Rw¡
UaJM_[IWOIKZ]\`QIKZiJwncJ[aKQd]Q^WO\`Z]wQ"a`Q^NeIXWKYI`Q«tOQEWO\`a&n[Jwn[Q&J[\`Y[Q IXNErGa8NenlmNa±MNd]_[Qha±J[\`Y[QWOJMP$blJwn[QnG\`a









MQEWO\`JwI`aX¢h¡Gu °QTd]J{Jwcn[J¨«JwI°cNMWKY[Qh\ ﬁ a"P.Qh\`Y[J[m±j\KY[Qn «JMI"QENMWKY.wQ^WO\`JwI°\KJ'kBQsWJMn[aKZ­m®QI`Q^m?jGJMn[QpYlNea
\`Jb[IKJ^tOQ^WO\pQENMWKYblJwZinG\"Je\`Y[QcmGJwP3NeZinNd]Jwn[Lc\`Y7ZiaMQEWO\`JwINnlmwQI`Z«rpY[Qh\`Y[QIp\KY[Z]apblJwZ]n{\ b[I`J^tQ^WO\`a
zMz  IOK-K«agŁI3MOª3BAbc




aXWhNdNITb[I`J[mG_lW\kBQ\;°QhQn ;7;MQEWO\`JwI`a^j±NeL{NZ]n - ;±¢2Qd]QP.QnG\ONI`rJwblQhIXN\KZ]JMn[aEjŁNP_7di\KZ]b[d]Z­WhN\`Z]JnpZ]\`Y






































 $#  -47-(.i*-,.0(H0)/ ,_( -40&/
u;n\`Y[Z]a&a`Q^W\`Z]JMnje°QpZ]didw\`IKQ^N\°N2b[IXNwWO\`ZWNed[QOqlNP$b[d]Q"JM_7\`d]Z]n[Q^mT«IKJMP£zh7«JMI&NnNIXWKY[Z]\KQ^WO\`_7I`Q«JwI8\KY[Q
cNe_[a`ag wJMIXm7Nn©Qd]ZiP$Z]nlN\KZiJwn¡GªpY[Z]acmGJMPNZ]nZ]as\KY[QWOJMnGMQq YG_[d]d&J°\KY[Qa`Qh\cJ°wQI`\KZWOQa¡3ORnERnER^¢bn
















T ﬀ    cﬃ 	ﬁT ﬁﬃ"%
ªpY[QP.Qh\`Y[J[mGap\KYlN\pQYlNEMQcmGZ]aXW_[a`aKQ^mNkBJMQcNeI`QQHﬁ±Q^WO\`Z]wQ«JMI7q®QEm.kBJM_7nlmGQ^mm®JMP3NeZ]n[a^¡

ﬂﬃ ) 34 ﬁﬃ!ﬁIEﬂ) ﬃ %-.$*42 6K?#-+534ﬂﬁ6,?ﬂﬃ*=6K?ﬂﬃ$.5ﬃ +;6,#&23=6K#-*4ﬂ+6K?ﬂ3=6 3?QB:CDﬃ.9)ENDﬃﬂ67+F@=ﬃ.9B 'Gﬃ$>&> 6K?ﬂﬃF2*Iﬁﬃ$>A*4%
.$34ﬂﬁ*42 CD*4>-BI67*CDﬃ +!"!>-ﬃ 6A34>-*4ﬂﬃP*4%
) *4E.$+;ﬃ 6K?ﬂﬃ );?ﬂ3.93=)!67ﬃ.(*4%.$34ﬂﬁ*42Fﬂﬃ +;+!S
  	  J _	 






$&%  ( , 0 0!1*N7-(+*-,2*¹//,_( -40&/
u;n©blNIK\`ZWO_[dNI\KY[Z]acQOqlWOd]_lmGQamGJMPNZ]n[appY[ZWKY¤mGQbBQnlm©d]Z]n[Q^NeI`d]rJMn©blNIONP.Qh\`QIKa^¡?Q\c_[a'WJMn[aKZ­m®QI
«JwI°QOqlNeP.b[d]Qp\`Y7QsaKZ]P.b[d]QpI`QEWO\XNen[LMd]QD<xmGQOln7Q^m$k{r ¡M3ne¢¥GR X 6X$JXn O[;ARLXDX ;+©pY[QIKQDJ
NnBm;NIKQ\`Y7QsbBNIXNeP.Q\KQI`aE¡MªpY7QJMb7\`Z]P3Ned{b7I`J^tOQEWO\`Z]JMn7aNI`Q «n^RE¢&JMIpORn M¢&pY7Q\`Y[QhI4J E;¬JMIn[JM\
NaZ]d]di_7a`\`ION\KQ^mZ]nZ]LB¡MB¡Mu QIKQb[I`Qha`QnG\\KY[Qp _[nlWO\KZiJwn.pY[ZWKY.NaKa`J[WOZN\KQ\`Y[QTJMb[\KZiPNd[mGZ]I`QEWO\`Z]JMn$\`J
NcWOJw_[b[d]Q J n!;±¢hjM\KY[Qn$Zin\KY[QdNe\`\`QhI"QOqlNP$b[d]Q°\KY[Z]a"«_7nlWO\`Z]JwnZiaWOJMn[aK\XNen{\JMn\;JcWOJMnGwQOq3mGJMPNZ]n[aE¯












ªpY[Z]ab7I`JMk7diQhP aKQQP.aT\`JkBQ m®Z 3W_[d]\^jGn[QwQI`\KY[Qd]QaKac\`Y[Z]aWOJMn^tQ^WO\`_7I`QQnlNk7diQhas\KJa`wQ\XWKYﬂNLMQn[QhIXNd
JMb7\`Z]P.Z]½^Ne\`Z]JMnZ]n3\KY[QcWNaKQcJ&JMn[d]rJwn[QblNIONP.Qh\`QIE¡


















































  	  J _	 
_  ®   
z
d]Z]MQd]r\`JkBQ'\KI`_[Q.NwWWOJMIOmGZ]n[L\KY[Q Ne_[\`Y7JMI ﬁ aZ]nG\`_[Z]\`Z]Jwn¡BªpY[Q'\KY[Z]IXm a`\KQbﬂpZ]did&kBQ\`JmGQ\KQI`P$Z]n[Q'\KY[Q
MNd]_[QTJ"\`Y7QsJwb[\`Z]P$Zi½EN\`Z]Jwn'wQ^WO\`JwIp«JwI°QENMWKYMNd]_[QTJ);aKP3Nd]d]QI"\KYlNn>; 	w¡
u;\WhNn.kBQn7JM\`ZWOQEm\`YBN\\`Y[QTJMb[\KZiP$Z]½^N\KZiJwncaXWKY[QhP.QZ]a"Z]nlm®QblQhnlm[NnG\JMn$\`Y[QTJMb[\KZiP$Z]½^N\KZiJwnc\`QEW`Y®
n[Zﬀw_[Q_7a`Q^m$ JMIpN[q[Q^m$MNedi_7QpJ ;&ºGJw_[In[Q P.Q\KY[J[mJMIpcNwW`Y7Q\ ﬁ aP.Q\KY[J[m±j{Neap°QhdidNeaNenGrJM\`Y7QI
P.Qh\`Y[J[mPNEr'kBQ_[a`QEm±¡
·  




«Z;¡ QM¡WOJwn[a`\KIXNZ]nG\`aO¢¡O"ﬂQbBJMa`Q       J
T
  3   2;±¢ ;±¢h¡±Q\ﬃ<
0
klQ\`Y[QWJMnGMQOqY{_7did;jEn[Jw\n[Q^WQa`aONI`Z]d]r
«_[d]d±mGZ]P.Qn7a`Z]JMn[nBNd;jEJ\`Y7QbBJMZ]nG\`a    ¡wªp°JWNea`QapP_[aK\"kBQsmGZﬁ±QI`QnBWOZN\`QEm JMI\`Y[QWOJMP$b[_[\XNe\`Z]JMnJ
# pY[Qh\`Y[QIL< 0Z]a«_[d]d±mGZ]P.Qn7a`Z]JMn[nBNdBJMIpn[Jw\^¡
u  < 0Zian[Jw\«_[d]dmGZ]PQn7a`Z]JMn[nBNd;jE\`Y[QnNen{rwQ^WO\KJMIpJ&\`Y[QaKP3Nd]d]QaK\"MQ^W\`JMIKZNd±a`bBNMWOQ'WJMnG\XNeZin7Zin7L
< 0lWNen\XNeMQ\`Y[QpIKJMd]Q°Je # ¡u  < 0BZia«_7did`mGZ]PQn[aKZiJwn[nlNedgjO\KY[QnA#  pZ]didGkBQp\`Y[QpJwb[\`Z]PNdb[IKJ^tOQ^WO\KZ]JMn
MQEWO\`JwIsJe < 0;¡Bu \KY[QI`QZ]aP.JMIKQ\`YlNen¥Jwn[Q'wQ^WO\KJMIpY[ZWKYI`Q^Ned]Zi½hQac\`Y7ZiaTJMb[\KZ]P_[P¥jwJMn[QP3NwQa\KY[Q
d]Z]a`\J°Nd]dB\`Y[QaKQ'wQ^WO\KJMI`aE¡














 ;±¢NIKQY[QIKQQOq[b[d]Z­WZi\KQd]rLMZ]wQn Nenlm < 0"Z]as\KY[Q

















&³6  -nERn M¢
8p± ;E¹| 
&³6 XRn -n M¢
ªpY[Z]apa`Jwd]_[\`Z]JMn$Z]apQOqlNMWO\Kdir$\`Y[QJwn[Q\`YlNe\pZiapLwZ]MQn$k{r$a`QbBNIXNe\`QcJwb[\`Z]P$Zi½EN\`Z]Jwnc«JwIpQ^NMWKYMNd]_[QTJﬃ;&¡
 
 3# %"^ 

























































yJ	lkcomn*J"$r?*-PﬁﬃA.ﬀkotv," "ﬁ$#"ﬁ?*-Ws*-8q*-PŁmoMŁc/"( WU$#"$ﬂRSkﬃ "#"$& ( )Op,%,1*/ﬃkﬃ#"ﬁ./ %(  ~Vw,"$WmS./)/,","./)/.
v




































MŁcK./& $ "W.RSr#"( Ws*-&S "ﬃ "#"$& ( )T( Wr& ./W./'#
*A#%( $ s$-V
G














































































	©?M*-#"#"ﬁ./(  " *-POK8mS«( 8p k,"Q-./ﬃl*-P


































	BK( ./P$ .qY:/4T:/^9_o ]5^N] _a:O
	c3^8:/4T:/^9_:s ]^8] _/:©4!3A:J;/^N:Ju>























ﬀM*-,1*- /ﬀtcnzS( #"$8kqm*/"$r?*-Pﬁﬃ-.n*-P£qk*-$'#"./,/ k)1ﬁ./P& (  *!.Or?*-,1*-WU./#%./,"( /./P£,"./)/,%,"./)/./ T«'ﬃ




ik5)1ﬁq*-,"#/&d*-P./,/B p §?$',%#"./ /N*-PO 






$'Wr#"./,k$)/( ./#Iﬃ!tv,"./ " JNtv,"( )/./#"$
x
( QA./,% "( #Iﬃ-













³R³J	MŁ8QA*-lkS*'*-( /sK*-#1*sc& $- ¥./$W./#","ﬃ


r& $( #%( ŁmS./& *-,"( #IﬃO( ﬂkﬃ "#%./W
G
& ./Q-./&nk5ﬃ'#"ﬁ./ "(  Jtvﬁ8 Ko#"ﬁ./ "(  JoLI'#%./,
G









	tco./.*-Pc MŁ./P./WTuM*-rr( ~j./ "#"./PTo$$rp& $,"( #"ﬁW S( #"$sMO& #"(
G


























	tc?zS( '#%$'Ł*-P!ﬀ*-!K$./8oSﬁ.©M*Arr( s$-Vuo( .A*-,ﬀmS./)/,","./)/.
u






















 "./," /vtuﬁi K8#"ﬁ./ %(  /tu*-,"(  L
x
( Q 3²JDDb²
Unite´ de recherche INRIA Lorraine, Technopoˆle de Nancy-Brabois, Campus scientifique,
615 rue du Jardin Botanique, BP 101, 54600 VILLERS L `ES NANCY
Unite´ de recherche INRIA Rennes, Irisa, Campus universitaire de Beaulieu, 35042 RENNES Cedex
Unite´ de recherche INRIA Rhoˆne-Alpes, 46 avenue Fe´lix Viallet, 38031 GRENOBLE Cedex 1
Unite´ de recherche INRIA Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex
Unite´ de recherche INRIA Sophia-Antipolis, 2004 route des Lucioles, BP 93, 06902 SOPHIA-ANTIPOLIS Cedex
´Editeur
INRIA, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France)
ISSN 0249-6399
